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        Abstract. In this essay we present an outer product on ℝ6, and we show that 
ℝ6 with this outer product can take three kinds of Lie brackets. We prove that ℝ6 
with these Lie brackets  take the structures of 𝑠𝑜(4), 𝑠𝑜(2,2) and 𝑠𝑜(3,1). 
We also deduce a 4 −dimensional submanifold of ℝ6 with an almost complex 
structure. 
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1. Introduction 
   In the first section of this paper we introduce an outer product on ℝ6. This kind 
of outer product has some properties look alike of usual outer product of ℝ3. We 
show that ℝ6 with this outer product forms a Lie algebra that is isomorphic to the 
Lie algebra 𝑠𝑜(4) of the Lie group 𝑆𝑜(4). 
Indeed we construct an associative algebra via a new product on ℝ8, and we 
show that this associative algebra is isomorphic to the product of quaternion 
algebra 𝐻 × 𝐻 (or Cliford algebra 𝑐𝑙(1,2) ≅ 𝑐𝑙(3)) [1,7]. 
We obtain two 8 × 8 real representation and 4 × 4 unitary complex 
representation of  𝑆𝑝𝑖𝑛(4). 
In section three we deduce three kind of associative algebras and we deduce few 
representations of the connected components of the identities of the Lie groups 
𝑆𝑝𝑖𝑛(2,2),  𝑆𝑝𝑖𝑛(3,1) and 𝑆𝑝𝑖𝑛(1,3). 
In section four we present a 4 −dimensional submanifold of ℝ6 via the outer 
product which is considered in section two, and we show that this submanifold 
has an almost complex structure. 
 
2. Representation of 𝑺𝒑𝒊𝒏(𝟒) 
Let us begin this section by the following definition. 
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Definition 2.1. Let 𝑎 = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5, 𝑎6), 𝑏 = (𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6) be two 
vectors in ℝ6  then we define the outer product of 𝑎  and 𝑏  by 𝑎 × 𝑏 =
(𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6) where 
𝑥1 = −(𝑎2𝑏4 − 𝑎4𝑏2 + 𝑎3𝑏5 − 𝑎5𝑏3), 
𝑥2 = 𝑎1𝑏4 − 𝑎4𝑏1 − (𝑎3𝑏6 − 𝑎6𝑏3), 
𝑥3 = 𝑎1𝑏5 − 𝑎5𝑏1 + 𝑎2𝑏6 − 𝑎6𝑏2, 
𝑥4 = −(𝑎1𝑏2 − 𝑎2𝑏1 + 𝑎5𝑏6 − 𝑎6𝑏5), 
𝑥5 = −(𝑎1𝑏3 − 𝑎3𝑏1) + 𝑎4𝑏6 − 𝑎6𝑏4, 
𝑥6 = −(𝑎2𝑏3 − 𝑎3𝑏2 + 𝑎4𝑏5 − 𝑎5𝑏4). 
We also define 𝜎(𝑎) = ?̅? = (𝑎6, −𝑎5, 𝑎4, 𝑎3, −𝑎2, 𝑎1). We denote the usual inner 
product of 𝑎 and 𝑏 by 𝑎. 𝑏. In this case we have following simple theorem. 
Theorem 2.1. If  t is a real number and  𝑎, 𝑏, 𝑐 ∈ ℝ6 then  
1. 𝑎 × 𝑏 = −𝑏 × 𝑎 and so 𝑎 × 𝑎 = 0, 
2. 𝑡𝑎 × 𝑏 = 𝑡(𝑎 × 𝑏), 
3. 𝑎 × (𝑏 + 𝑐) = 𝑎 × 𝑏 + 𝑎 × 𝑐, 
4. (𝑎 × 𝑏) ∙ 𝑐 = 𝑎 ∙ (𝑏 × 𝑐), 
5. (𝑎 × 𝑏) ∙ 𝑎 = 𝑏 ∙ (𝑎 × 𝑏), 
6. 𝑎 × 𝑏̅̅ ̅̅ ̅̅ ̅ = 𝑎 × ?̅? = ?̅? × 𝑏, 
7. 𝑎 ∙ ?̅? = ?̅? ∙ 𝑏, 
8. (𝑎 × 𝑏) × 𝑐 = (𝑐 ∙ 𝑎)𝑏 − (𝑐 ∙ 𝑏)𝑎 + (𝑐 ∙ ?̅?)?̅? − (𝑐 ∙ ?̅?) ?̅?, 
9. If we define  [𝑎, 𝑏] = 𝑎 × 𝑏 then ℝ6 with this bracket is a Lie algebra 
isomorphic to 𝑠𝑜(4). 
 
If 𝑎0, 𝑎1, 𝑏0, 𝑏1 ∈ ℝ and 
𝑝 = (𝑎2, 𝑎3, 𝑎4, 𝑎5, 𝑎6, 𝑎7), 𝑞 = (𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6, 𝑏7) ∈ ℝ
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then we denote 𝑥 = (𝑎0, 𝑎1, … , 𝑎7) and 𝑦 = (𝑏0, 𝑏1, … , 𝑏7) by 𝑥 = 𝑎0𝑒0 + 𝑎1𝑒1 +
𝑝 , 𝑦 = 𝑏0𝑒0 + 𝑏1𝑒1 + 𝑞 , respectively, where 𝑒0 = (1,0,0,0,0,0,0) , 𝑒1 =
(0,1,0,0,0,0,0) and 𝑝 = (𝑎2, … , 𝑎7) ≅ (0,0, 𝑎2, … , 𝑎7). 
With these notations we have the next definition. 
Definition 2.2. We define the product of 𝑥 and 𝑦 by: 
𝑥 ∗ 𝑦 = (𝑎0𝑒0 + 𝑎1𝑒1 + 𝑝)(𝑏0𝑒0 + 𝑏1𝑒1 + 𝑞) = (𝑎0𝑏0 − 𝑎1𝑏1 − 𝑝 ∙ 𝑞)𝑒0 +
(𝑎0𝑏1 + 𝑎1𝑏0 − 𝑝 ∙ ?̅?)𝑒1 + 𝑎0𝑞 + 𝑏0𝑝 + 𝑎1?̅? + 𝑏1?̅? + 𝑝 × 𝑞. 
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Theorem 2.3. (ℝ8, +,∙,∗) is an associative algebra with an identity, where its 
product is the scalar product of ℝ8. 
Proof. We only prove the associatively, the proofs of the other properties are 
simple. 
(𝑥 ∗ 𝑦) ∗ 𝑧 = ((𝑎0𝑒0 + 𝑎1𝑒1 + 𝑝) ∗ (𝑏0𝑒0 + 𝑏1𝑒1 + 𝑞) ∗ (𝑐0𝑒0 + 𝑐1𝑒1 + 𝑟) =
[(𝑎0𝑏0 + 𝑎1𝑏1 − 𝑝 ∙ 𝑞)𝑒0 + (𝑎0𝑏1 + 𝑎1𝑏0 − 𝑝 ∙ ?̅?)𝑒1 + 𝑎 ∙ 𝑞 + 𝑏 ∙ 𝑝 + 𝑎1?̅? +
𝑏1?̅? + 𝑝 × 𝑞] ∗ [𝑐0𝑒0 + 𝑐1𝑒1 + 𝑟] = [𝑎0𝑏0𝑐0 + 𝑎1𝑏1𝑐0 − (𝑝 ∙ 𝑞)𝑐0 + 𝑎0𝑏1𝑐1 +
𝑎1𝑏0𝑐1 − (𝑝 ∙ ?̅?)𝑐1 − 𝑎0(𝑞 ∙ 𝑟) − 𝑏0(𝑝 ∙ 𝑟) − 𝑎1(?̅? ∙ 𝑟) − 𝑏1(?̅? ∙ 𝑟) − (𝑝 × 𝑞) ∙
𝑟]𝑒0 + [𝑎0𝑏0𝑐1 + 𝑎1𝑏1𝑐1 − (𝑝 ∙ 𝑞)𝑐1 + 𝑎0𝑏1𝑐0 + 𝑎1𝑏0𝑐0 − (𝑝 ∙ ?̅?)𝑐0 −
𝑎0(𝑞 ∙ ?̅?) − 𝑏0(𝑝. ?̅?) − 𝑎1(?̅?. ?̅?) − 𝑏1(?̅?. ?̅?) − (𝑝 × 𝑞). ?̅?]𝑒1 + (𝑎0𝑒0 + 𝑎1𝑒1 −
𝑝. 𝑞)𝑟 + 𝑐0(𝑎0𝑞 + 𝑏0𝑝 + 𝑎1?̅? + 𝑏1?̅? + 𝑝 × 𝑞) + (𝑎0𝑏1 + 𝑎1𝑏0 − 𝑝 ∙ ?̅?)?̅? +
𝑐1(𝑎0?̅? + 𝑏0?̅? + 𝑎1?̿? + 𝑏1?̿? + 𝑝 × 𝑞̅̅ ̅̅ ̅̅ ̅) + 𝑎 ∙ (𝑞 × 𝑟) + 𝑏 ∙ (𝑝 × 𝑟) + 𝑎1(?̅? × 𝑟) +
𝑏1(?̅? × 𝑟) + (𝑝 × 𝑞) × 𝑟. 
By using of the equalities 𝑝 ∙ ?̅? = ?̅? ∙ 𝛾, ?̅? ∙ ?̅? = 𝑝 ∙ 𝑞, ?̿? = 𝑝, (𝑝 × 𝑞) × ?̅? =
(𝑝 × ?̅?). 𝑟, (𝑝 × 𝑞) × 𝑟 − 𝑝 × (𝑞 × 𝑟) = −(𝑟 × 𝑝) × 𝑞, and so on we have: 
(𝑥 ∗ 𝑦) ∗ 𝑧 = −(𝑝 ∙ 𝑞)𝑟 − (𝑝 ∙ ?̅?)?̅? + (𝑝 × 𝑞) × 𝑟 + (𝑟 ∙ 𝑞)𝑝 + (𝑟 ∙ ?̅?)?̅? − 𝑝 ×
(𝑞 × 𝑟) = −(𝑟 × 𝑝) × 𝑞 + (𝑞 ∙ 𝑟)𝑝 − (𝑞 ∙ 𝑝)𝑟 + (𝑞 ∙ ?̅?)?̅? − (𝑞 ∙ ?̅?)?̅? = 0.              ∎ 
By Definition 2.2 if 𝑥 = (𝑎0, 𝑎1, … , 𝑎7)  and 𝑦 = (𝑏0, 𝑏1, … , 𝑏7)  then 𝑥 ∗ 𝑦 =
(𝑥0, 𝑥1, … , 𝑥7) where 𝑥𝑖 (0 ≤ 𝑖 ≤ 7) are defined by: 
𝑥0 = 𝑎0𝑏0 + 𝑎1𝑏1 − 𝑎2𝑏2 − 𝑎3𝑏3 − 𝑎4𝑏4 − 𝑎5𝑏5 − 𝑎6𝑏6 − 𝑎7𝑏7, 
𝑥1 = 𝑎0𝑏1 + 𝑎1𝑏0 − 𝑎2𝑏7 + 𝑎3𝑏6 − 𝑎4𝑏5 − 𝑎5𝑏4 + 𝑎6𝑏3 − 𝑎7𝑏2, 
𝑥2 = 𝑎0𝑏2 + 𝑎2𝑏0 + 𝑎1𝑏7 + 𝑎7𝑏1 − (𝑎3𝑏5 − 𝑎5𝑏3 + 𝑎4𝑏6 − 𝑎6𝑏4), 
𝑥3 = 𝑎0𝑏3 + 𝑎3𝑏0 − 𝑎1𝑏6 − 𝑎6𝑏1 + 𝑎2𝑏5 − 𝑎5𝑏2 − (𝑎4𝑏7 − 𝑎7𝑏4), 
𝑥4 = 𝑎0𝑏4 + 𝑎4𝑏0 + 𝑎1𝑏5 + 𝑎5𝑏1 + 𝑎2𝑏6 − 𝑎6𝑏2 + 𝑎3𝑏7 − 𝑎7𝑏3, 
𝑥5 = 𝑎0𝑏5 + 𝑎5𝑏0 + 𝑎1𝑏4 + 𝑎4𝑏1 − (𝑎2𝑏3 − 𝑎3𝑏2 + 𝑎6𝑏7 − 𝑎7𝑏6), 
𝑥6 = 𝑎0𝑏6 + 𝑎6𝑏0 − 𝑎1𝑏3 − 𝑎3𝑏1 − (𝑎2𝑏4 − 𝑎4𝑏2) + 𝑎5𝑏7 − 𝑎7𝑏5, 
𝑥7 = 𝑎0𝑏7 + 𝑎7𝑏0 + 𝑎1𝑏2 + 𝑎2𝑏1 − (𝑎3𝑏4 − 𝑎4𝑏3 + 𝑎5𝑏6 − 𝑎6𝑏5). 
Let 𝐴 be an associative algebra with multiplicative identity 𝑒 and let 𝑊 be a 
complex vector space. A representation of 𝐴 on 𝑊 is determind by a set of linear 
operators 𝑇(𝑎) on 𝑊 such that 
1. 𝑇(𝛾𝑎 + 𝜇𝑏) = 𝛾𝑇(𝑎) + 𝜇𝑇(𝑏)  such that 𝑎, 𝑏 ∈ 𝐴 and 𝛾, 𝜇 ∈ ℂ, 
2. 𝑇(𝑎𝑏) = 𝑇(𝑎)𝑇(𝑏), 
3. 𝑇(𝑒) = 𝐸 where 𝐸 is an identity operator of 𝑊 [2, 6]. 
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For any 𝑎 = (𝑎1, … , 𝑎8) ∈ ℝ
8 we define a right multiplication map 𝐹𝑎: ℝ
8 ↦ ℝ8 
by 𝑥 ↦ 𝑥 ∗ 𝑎. This is a linear map and if 𝑎 = 𝑎0𝑒0 + 𝑎1𝑒1 + 𝑝, then 𝐹𝑎 according 
to the standard basis of ℝ8 is represented by the following matrix: 
𝐴 =
[
 
 
 
 
 
 
 
𝑎0 𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 𝑎6 𝑎7
𝑎1 𝑎0 𝑎7 −𝑎6 𝑎5 𝑎4 −𝑎3 𝑎2
−𝑎2 −𝑎7 𝑎0 𝑎5 𝑎6 −𝑎3 −𝑎4 𝑎1
−𝑎3 𝑎6 −𝑎5 𝑎0 𝑎7 𝑎2 −𝑎1 −𝑎4
−𝑎4 −𝑎5 −𝑎6 −𝑎7 𝑎0 𝑎1 𝑎2 𝑎3
−𝑎5 −𝑎4 𝑎3 −𝑎2 𝑎1 𝑎0 𝑎7 −𝑎6
−𝑎6 𝑎3 𝑎4 −𝑎1 −𝑎2 −𝑎7 𝑎0 𝑎5
−𝑎7 −𝑎2 𝑎1 𝑎4 −𝑎3 𝑎6 −𝑎5 𝑎0 ]
 
 
 
 
 
 
 
,                                 (2.1) 
The set of all matrices as in (2.1) is a real representation of the algebra (ℝ8, +,∙,∗). 
Also the matrix 𝐴 can be partitioned in four submatrixs of the form [
𝑈 𝑉
−𝑉 𝑈
] 
where 
𝑈 = [
𝑎0 𝑎1 𝑎2 𝑎3
𝑎1 𝑎0 𝑎7 −𝑎6
−𝑎2 −𝑎7 𝑎0 𝑎5
−𝑎3 𝑎6 −𝑎5 𝑎0
]    and    𝑉 = [
𝑎4 𝑎5 𝑎6 𝑎7
𝑎5 𝑎4 −𝑎3 𝑎2
𝑎6 −𝑎3 −𝑎4 𝑎1
𝑎7 𝑎2 −𝑎1 −𝑎4
]. 
Under the mapping 𝜑:𝐴 = [
𝑈 𝑉
−𝑉 𝑈
] ↦ 𝑈 + 𝑖𝑉 we have following complex 
representation: 
𝐵 = [
𝑎0 + 𝑎4𝑖 𝑎1 + 𝑎5𝑖 𝑎2 + 𝑎6𝑖 𝑎3 + 𝑎7𝑖
𝑎1 + 𝑎5𝑖 𝑎0 + 𝑎4𝑖 𝑎7 − 𝑎3𝑖 −𝑎6 + 𝑎2𝑖
−𝑎2 + 𝑎6𝑖 −𝑎7 − 𝑎3𝑖 𝑎0 − 𝑎4𝑖 𝑎5 + 𝑎1𝑖
−𝑎3 + 𝑎7𝑖 𝑎6 + 𝑎2𝑖 −𝑎5 − 𝑎1𝑖 𝑎0 − 𝑎4𝑖
].                                    (2.2) 
Theorem 2.3. Let 
𝑀 = {𝐴 | 𝐴 ℎ𝑎𝑠 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 (2.1)} ≅ {𝐵 | 𝐵 ℎ𝑎𝑠 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 (2.2)}. 
Then 𝑀 ≅ 𝐻 × 𝐻 where 𝐻 is a quaternion algebra. 
Proof. Let 𝜑: (ℝ8, +,∙,∗) → 𝐻 × 𝐻 be defined by 𝜑(𝑎0, 𝑎1 … , 𝑎7) = ((𝑎0 − 𝑎1) +
(𝑎2 − 𝑎7)𝑖 + (𝑎6 + 𝑎3)𝑗 + (𝑎4 − 𝑎5)𝑘 , (𝑎0 + 𝑎1) + (𝑎2 + 𝑎7)𝑖 − (𝑎3 − 𝑎6)𝑗 −
(𝑎4 + 𝑎5)𝑘). Then one can easily prove that 𝜑 is an isomorphism.                          ∎ 
Theorem 2.4. Let 
𝐺 = {𝐴 | 𝐴 = 𝜑(𝑥), det(𝐴) = 1, 𝑎0𝑎1 + 𝑎2𝑎7 − 𝑎3𝑎6 + 𝑎4𝑎5 = 0}. 
Then 𝐺 is isomorphic to the Lie group Spin(4). 
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Proof. Let 𝜓: (ℝ8, +,∙,∗) ≃ 𝑀 → 𝐻 × 𝐻  be the isomorphism of the previous 
theorem and 𝜓(𝑎) = (𝜓1(𝑎), 𝜓2(𝑎)) ∈ 𝐻 × 𝐻. We prove that 𝜓:𝑀 → 𝐻 × 𝐻 is 
an isomorphism. We know that Spin(4)  is isomorphic to 𝑆𝑢(2) × 𝑆𝑢(2)  or 
𝑆𝑝(1) × 𝑆𝑝(1). If 
det(𝐴) = 1 and 𝑎0𝑎1 + 𝑎2𝑎7 − 𝑎3𝑎6 + 𝑎4𝑎5 = 0    .                                              
(2.3) 
Since 
det(𝐴) = [(𝑎0 + 𝑎1)
2 + (𝑎2 − 𝑎7)
2 + (𝑎4 − 𝑎5)
2 + (𝑎6 + 𝑎3)
2]2
× [(𝑎0 − 𝑎1)
2 + (𝑎2 + 𝑎7)
2 + (𝑎4 + 𝑎5)
2 + (𝑎6 − 𝑎3)
2]2
= [∑𝑎𝑖
2
7
𝑖=0
− 2(𝑎0𝑎1 + 𝑎2𝑎7 + 𝑎4𝑎5 − 𝑎3𝑎6)]
2
[∑𝑎𝑖
2
7
𝑖=0
+ 2(𝑎0𝑎1 + 𝑎2𝑎7 + 𝑎4𝑎5 − 𝑎3𝑎6)]
2
, 
then (2.3) implies that  
1 = ∑ 𝑎𝑖
27
𝑖=0 = (𝑎0 + 𝑎1)
2 + (𝑎2 − 𝑎7)
2 + (𝑎4 − 𝑎5)
2 + (𝑎6 + 𝑎3)
2 =
(𝑎0 − 𝑎1)
2 + (𝑎2 + 𝑎7)
2 + (𝑎4 + 𝑎5)
2 + (𝑎6 − 𝑎3)
2. 
So |𝜓1(𝑎)|
2 = |𝜓2(𝑎)|
2 = 1. Thus 𝜓(𝑎) ∈ 𝑆3 × 𝑆3. Since 𝜓 is an isomorphism 
and 𝐺 = 𝜓−1(𝑆3 × 𝑆3), then 𝐺 is the Lie group Spin(4).                 ∎ 
3. Representation of the connected components of the identities of 𝑺𝒑𝒊𝒏(𝟐, 𝟐), 
𝑺𝒑𝒊𝒏(𝟑, 𝟏) and 𝑺𝒑𝒊𝒏(𝟏, 𝟑) 
As the pervious section we define three brackets [ , ]1, [ , ]2, [ , ]3 on ℝ
6 such that 
ℝ6 with this brackets will take three Lie algebras structure isomorphic to 𝑆𝑜(2,2), 
𝑆𝑜(3,1), 𝑆𝑜(1,3), respectively. 
Let 𝑎 = (𝑎0, 𝑎1, … , 𝑎7), 𝑎𝑛𝑑 𝑦 = (𝑏0, 𝑏1, … , 𝑏7) ∈ ℝ
8. Set 𝑝 = (𝑎2, … , 𝑎7), 
𝑞 = (𝑏2, … , 𝑏7) and 𝐿𝑖𝑗 = 𝑎𝑖𝑏𝑗 − 𝑎𝑗𝑏𝑖. Then we define [𝑝 , 𝑞]1 = 𝑝 ×1 𝑞, 
[𝑝 , 𝑞]2 = 𝑝 ×2 𝑞, [𝑝 , 𝑞]3 = 𝑝 ×3 𝑞 as the following forms: 
[𝑝 , 𝑞]1 = (𝐿35 + 𝐿46, 𝐿25 − 𝐿47, 𝐿26 + 𝐿37, −𝐿23 − 𝐿67, −𝐿24 + 𝐿57, 𝐿34 + 𝐿56), 
[𝑝 , 𝑞]2 = (𝐿46 − 𝐿35, 𝐿25 + 𝐿47, 𝐿26 + 𝐿37, −𝐿23 + 𝐿67, −𝐿24 + 𝐿57, −𝐿34−𝐿56), 
[𝑝 , 𝑞]3 = (−𝐿35 − 𝐿46, 𝐿25 − 𝐿47, 𝐿26 + 𝐿37, 𝐿23 − 𝐿67, 𝐿24 + 𝐿57, 𝐿34 − 𝐿56). 
We also define  
𝜎1(𝑝) = ?̅? = (𝑎7, −𝑎6, 𝑎5, 𝑎4, −𝑎3, 𝑎2), 
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𝜎2(𝑝) = ?̅? = (−𝑎7, 𝑎6, 𝑎5, −𝑎4, −𝑎3, 𝑎2), 
𝜎3(𝑝) = ?̅? = (𝑎7, −𝑎6, 𝑎5, −𝑎4, 𝑎3, −𝑎2), 
〈𝑝, 𝑞〉1 = 𝑎2𝑏7 + 𝑎3𝑏6 − 𝑎4𝑏5 − 𝑎5𝑏4 + 𝑎6𝑏3 + 𝑎7𝑏2, 
〈𝑝, 𝑞〉2 = 〈𝑝, 𝑞〉3 = 𝑎2𝑏7 − 𝑎3𝑏6 + 𝑎4𝑏5 + 𝑎5𝑏4 − 𝑎6𝑏3 + 𝑎7𝑏2. 
If 𝑎 = 𝑎0𝑒0 + 𝑎1𝑒1 + 𝑝, 𝑏 = 𝑏0𝑒0 + 𝑏1𝑒1 + 𝑞 we have three product of 𝑎, 𝑏 by: 
𝑎 ∗1 𝑏 = (𝑎0𝑏0 + 𝑎1𝑏1 − 〈𝑝, 𝑞〉1)𝑒0 + (𝑎0𝑏1 + 𝑎1𝑏0 − 〈𝑝, 𝜎1(𝑞)〉1)𝑒1 + 𝑎0𝑞 +
𝑏0𝑝 + 𝑎1𝜎1(𝑞) + 𝑏0𝜎1(𝑝) + [𝑝 , 𝑞]1. For 𝑖 = 1,2 we have 
𝑎 ∗𝑖 𝑏 = (𝑎0𝑏0 + 𝑎1𝑏1 − 〈𝑝, 𝑞〉𝑖)𝑒0 + (𝑎0𝑏1 + 𝑎1𝑏0 − 〈𝑝, 𝜎𝑖(𝑞)〉𝑖)𝑒1 + 𝑎0𝑞 +
𝑏0𝑝 + 𝑎1𝜎𝑖(𝑞) + 𝑏0𝜎𝑖(𝑝) + [𝑝 , 𝑞]𝑖 .  
Thus  we have following representations of the above algebras respectively. 
𝐴1 =
[
 
 
 
 
 
 
 
𝑎0 𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 𝑎6 𝑎7
𝑎1 𝑎0 𝑎7 −𝑎6 𝑎5 𝑎4 −𝑎3 𝑎2
−𝑎2 −𝑎7 𝑎0 𝑎5 𝑎6 −𝑎3 −𝑎4 𝑎1
𝑎3 −𝑎6 𝑎5 𝑎0 𝑎7 𝑎2 −𝑎1 𝑎4
𝑎4 𝑎5 𝑎6 −𝑎7 𝑎0 𝑎1 𝑎2 −𝑎3
𝑎5 𝑎4 −𝑎3 −𝑎2 𝑎1 𝑎0 𝑎7 𝑎6
𝑎6 −𝑎3 −𝑎4 −𝑎1 −𝑎2 −𝑎7 𝑎0 −𝑎5
−𝑎7 −𝑎2 𝑎1 𝑎4 −𝑎3 𝑎6 −𝑎5 𝑎0 ]
 
 
 
 
 
 
 
,                               (3.1) 
𝐴2 =
[
 
 
 
 
 
 
 
𝑎0 𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 𝑎6 𝑎7
−𝑎1 𝑎0 −𝑎7 𝑎6 𝑎5 −𝑎4 −𝑎3 𝑎2
−𝑎2 −𝑎7 𝑎0 𝑎5 𝑎6 −𝑎3 −𝑎4 𝑎1
−𝑎3 𝑎6 −𝑎5 𝑎0 𝑎7 𝑎2 −𝑎1 −𝑎4
𝑎4 −𝑎5 𝑎6 𝑎7 𝑎0 −𝑎1 𝑎2 𝑎3
−𝑎5 −𝑎4 𝑎3 −𝑎2 𝑎1 𝑎0 𝑎7 −𝑎6
𝑎6 𝑎3 −𝑎4 𝑎1 −𝑎2 𝑎7 𝑎0 𝑎5
𝑎7 −𝑎2 −𝑎1 −𝑎4 −𝑎3 −𝑎6 −𝑎5 𝑎0 ]
 
 
 
 
 
 
 
,                               (3.2) 
𝐴3 =
[
 
 
 
 
 
 
 
𝑎0 𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 𝑎6 𝑎7
−𝑎1 𝑎0 𝑎7 −𝑎6 𝑎5 −𝑎4 𝑎3 −𝑎2
𝑎2 −𝑎7 𝑎0 𝑎5 𝑎6 𝑎3 𝑎4 −𝑎1
𝑎3 𝑎6 −𝑎5 𝑎0 𝑎7 −𝑎2 𝑎1 𝑎4
𝑎4 −𝑎5 −𝑎6 −𝑎7 𝑎0 −𝑎1 −𝑎2 −𝑎3
−𝑎5 −𝑎4 𝑎3 −𝑎2 𝑎1 𝑎0 𝑎7 −𝑎6
−𝑎6 𝑎3 𝑎4 −𝑎1 −𝑎2 −𝑎7 𝑎0 𝑎5
−𝑎7 −𝑎2 𝑎1 𝑎4 −𝑎3 𝑎6 −𝑎5 𝑎0 ]
 
 
 
 
 
 
 
.                               (3.3) 
So we have the following theorem. 
Theorem 3.1. Let 
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𝐺1 =
{𝐴1 | 𝐴1 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠  (3.1), det(𝐴1) = 1, 𝑎0𝑎1 + 𝑎2𝑎7 + 𝑎3𝑎6 − 𝑎4𝑎5 = 0}, 
𝐺2 =
{𝐴2 | 𝐴2 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠  (3.2), det(𝐴2) = 1, 𝑎0𝑎1 + 𝑎2𝑎7 + 𝑎3𝑎6 + 𝑎4𝑎5 = 0}. 
Then 
1. 𝐺1 is isomorphic to the connected component of the  identity of the Lie group 
Spin(2,2). 
2. 𝐺2 is isomorphic to the connected component of the identity of the Lie group 
Spin(3,1) ≅ Spin(1,3). 
Proof. One can easily prove this theorem such as Theorem 2.1, but in the case 1 
we can define 𝜑:𝐺1 → 𝑆𝑙(2,ℝ) × 𝑆𝑙(2,ℝ) by 𝜑(𝐴1) = (𝐴, 𝐵) where 
𝐴 = [
𝑎0 − 𝑎1 + 𝑎3 + 𝑎6 𝑎4 − 𝑎5 − 𝑎2 + 𝑎7
𝑎4 − 𝑎5 + 𝑎2 − 𝑎7 𝑎0 − 𝑎1 − 𝑎3 − 𝑎6
], 
𝐵 = [
𝑎0 + 𝑎1 + 𝑎3 − 𝑎6 −𝑎4 − 𝑎5 − 𝑎2 − 𝑎7
−𝑎4 − 𝑎5 + 𝑎2 + 𝑎7 𝑎0 + 𝑎1 − 𝑎3 + 𝑎6
], 
We can easily prove that 𝜑 is the desired isomorphism.                                             ∎ 
Spin(3,1) is called the Lorentz group in some books. Similar to above theorem, 
there is a representation for Spin(3,1). 
𝜑(𝑎0, 𝑎1 … , 𝑎7) = ((𝑎0 − 𝑎1) + (𝑎2 − 𝑎7)𝑖 + (𝑎4 − 𝑎5)𝑗 + (𝑎6 + 𝑎3)𝑘 , (𝑎0 +
𝑎1) + (𝑎2 + 𝑎7)𝑖 + (𝑎4 + 𝑎5)𝑗 + (𝑎6 − 𝑎3)𝑘), 
where 𝑗2 = 𝑘2 = 1. We know  that [4] Spin(2,2) is isomorphic to Sl(2,ℝ) ×
Sl(2,ℝ).  
Such as case 2 we can define 𝜓:𝐺2 → Sl(2, ℂ) by 
𝜓(𝐴2) = [
𝑎0 − 𝑎7 + (𝑎1 + 𝑎2)𝑖 −𝑎3 − 𝑎4 + (𝑎5 + 𝑎6)𝑖
𝑎3 − 𝑎4 + (𝑎5 − 𝑎6)𝑖 𝑎0 + 𝑎7 + (𝑎1 − 𝑎2)𝑖
], 
where Sl(2, ℂ) = {𝐴 | 𝐴 ∈ 𝐺𝐿(2, ℂ), det(𝐴) = 1}. 
Since the connected component of the identity of  Spin(2,2) is isomorphic to 
Sl(2, ℂ)  [4], then we can easily show that 𝜓 is our desired isomorphism.                   
∎ 
4. Almost complex structure on a 4-dimensional  submanifold of ℝ𝟔  
In this section we define a 4-dimensional submanifold of ℝ6 which admit an 
almost complex structure. 
Let 𝑀 = {𝑥 =  (𝑥1, … , 𝑥6) ∈ ℝ
6 |   ∑ 𝑥𝑖
26
𝑖=1 = 1, 𝑥1𝑥6 − 𝑥2𝑥5 + 𝑥3𝑥4 = 0} =
{𝑥 ∈ ℝ6 |  |𝑥|2 = 1, 𝑥 ∙ ?̅? = 0  𝑤ℎ𝑒𝑟𝑒 ?̅? = (𝑥6, −𝑥5, 𝑥4, 𝑥3, −𝑥2, 𝑥1)}. 
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We can show that 𝑀 is a  codimension 2 submanifold of ℝ6. To prove this let 
𝑓:ℝ6 ↦ ℝ2 be defined by  
𝑓(𝑥) = 𝑓(𝑥1, … , 𝑥6) = (∑ 𝑥𝑖
26
𝑖=1 , 2(𝑥1𝑥6 − 𝑥2𝑥5 + 𝑥3𝑥4)) = (|𝑥|
2, 𝑥 ∙ ?̅?), where 
?̅? = (𝑥6, −𝑥5, 𝑥4, 𝑥3, −𝑥2, 𝑥1). Then 𝑀 = 𝑓
−1(0,0) and we have 
𝑑𝑓𝑥 = [
2𝑥1 2𝑥2 2𝑥3 2𝑥4 2𝑥5 2𝑥6
2𝑥6 −2𝑥5 2𝑥4 2𝑥3 −2𝑥2 2𝑥1
]. 
We show that the rank of  𝑑𝑓𝑥   on M is 2. Obviously 2 ≥ 𝑟𝑎𝑛𝑘(𝑑𝑓𝑥) ≥ 1 . If 
𝑟𝑎𝑛𝑘(𝑑𝑓𝑥) = 1, Then we have 
(𝑥1, … , 𝑥6) = 𝜆(𝑥6, −𝑥5, 𝑥4, 𝑥3, −𝑥2, 𝑥1) ⇒   𝑥 = 𝜆?̅?, 0 ≠ 𝜆 ∈ ℝ, 
Since on  𝑀, 𝑥 ∙ ?̅? = 0, then  
𝑥 ∙ 𝜆?̅? = 𝜆|𝑥|2 = 0 ⇒ |𝑥|2 = 0. 
But we know that |𝑥|2 = 1, so this is a contradiction. Thus 𝑟𝑎𝑛𝑘(𝑑𝑓𝑥) = 2 and 𝑀 
is a submanifold of ℝ6 with dim(𝑀) = 6 − 2 = 4. 
Let 𝑀 be a differentiable manifold of class 𝐶∞ and with the dimension 𝑚 ≥ 2. If 
there exists on 𝑀 a tensor 𝐽𝑖
𝑗
 of type (1,1) satisfying  
𝐽𝑖
𝑗𝐽𝑗
𝑘 = −𝜀𝑖
𝑘 = {
1 𝑘 = 𝑖,     𝑘, 𝑖, 𝑗 = 1,… ,𝑚, .
0 𝑘 ≠ 𝑖.  
                                                         (4.1) 
Then 𝐽𝑖
𝑗
 is said to define an almost complex structure on 𝑀 and manifold 𝑀 is 
called an almost complex manifold. 
From (4.1) it follows that the almost complex structure 𝐽𝑖
𝑗
 induces an 
endomorphism 𝐽: 𝑇𝑝𝑀 ↦ 𝑇𝑝𝑀 of tangent space 𝑇𝑝𝑀 of 𝑀 at each point 𝑝 of 𝑀 
where 𝐽2 = −𝐼, 𝐼 being the identity operator on 𝑇𝑝𝑀. 
Theorem 4.1. There exists an almost complex structure on 4-dimensional 
submanifold  
𝑀 = {𝑥 ∈ ℝ6 |  |𝑥|2 = 1, 𝑥 ∙ ?̅? = 0}. 
Proof. If 𝑝 ∈ 𝑀 then 
𝑇𝑝𝑀 = {(𝑣1, … , 𝑣6) ∈ ℝ𝑝
6   |  𝑝 ∙ 𝑣 = 0 , 𝑝 ∙ ?̅? = 0} 
Because for each 𝑣 ∈ 𝑇𝑝𝑀  there exists a curve 𝛾  on 𝑀  with 𝛾(0) = 𝑝  and 
𝛾′(0) = 𝑣 but this main that 
|𝛾(𝑡)|2 = 1 and 𝛾(𝑡) ∙ ?̅?(𝑡) = 0                                                                                  (4.2) 
From (4.2) it follows that 𝛾(𝑡) ∙ 𝛾′(𝑡) = 0 and 𝛾(𝑡) ∙ (?̅?(𝑡))
′
+ 𝛾′(𝑡) ∙ ?̅?(𝑡) = 0, 
But 𝛾(0) = 𝑝 and 𝛾′(0) = 𝑣, so 𝑝 ∙ 𝑣 = 0 and 2𝑝 ∙ ?̅? = 0. 
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Now let 𝐽𝑝(𝑣) = 𝑝 × 𝑣 where 𝑝 × 𝑣 be defined by Definition 2.1. We have 
𝐽𝑝
2(𝑣) = 𝐽𝑝 (𝐽𝑝(𝑣)) = 𝐽𝑝(𝑝 × 𝑣) = 𝑝 × (𝑝 × 𝑣) = −(𝑝 × 𝑣) × 𝑝 =
−[(𝑝 ∙ 𝑝)𝑣 − (𝑝 ∙ 𝑣)𝑝 + (𝑝 ∙ ?̅?)𝑣 − (𝑝 ∙ ?̅?)?̅?].  
Since 𝑝 ∈ 𝑀 , 𝑣 ∈ 𝑇𝑝𝑀  we have 𝑝 ∙ 𝑝 = 1  and 𝑝 ∙ ?̅? =  𝑝 ∙ 𝑣 = 𝑝 ∙ ?̅? = 0 . Thus 
𝐽𝑝
2(𝑣) = −(𝑝 ∙ 𝑝)𝑣 = −𝑣. So then 𝐽𝑝
2 = −𝐼.                                                                  ∎ 
 
In order to establish contact with the notation usually used in physics, we 
introduce in each admissible basis {𝑒𝛼}, the two 3-vectors ?⃗? = 𝐸1𝑒1 + 𝐸2𝑒2 +
𝐸3𝑒3 and ?⃗? = 𝐵1𝑒1 + 𝐵2𝑒2 + 𝐵3𝑒3, then we can define 
𝐹 = [𝐹𝑏
𝑎] = [
0 𝐵3 −𝐵2 𝐸1
−𝐵3 0 𝐵1 𝐸2
𝐵2 −𝐵1 0 𝐸3
𝐸1 𝐸2 𝐸3 0
]. 
𝐹 can be regarded as an electromagnetic field at some points of ℝ4. In this case 
?⃗? , ?⃗?  are the classical electric and magnetic fields 3-vectors at the point as 
measured in {𝑒𝛼}. Since 𝐹 ∈ 𝑆𝑜(4) we can related to 𝐹  the following matrix 
𝐴 ∈ 𝑆𝑝𝑖𝑛(4) (or 𝐴 ∈ 𝑐𝑙(1,3)): 
[
𝐸0 + 𝑖𝐸1 𝐵0 + 𝑖𝐵1 𝐵3 + 𝑖𝐸2 −𝐵2 + 𝑖𝐸3
𝐵0 + 𝑖𝐵1 𝐸0 + 𝑖𝐸1 𝐸3 + 𝑖𝐵2 −𝐸2 + 𝑖𝐵3
−𝐵3 + 𝑖𝐸2 −𝐸3 + 𝑖𝐵2 𝐸0 − 𝑖𝐸1 𝐵1 + 𝑖𝐵0
𝐵2 + 𝑖𝐸3 𝐸2 + 𝑖𝐵3 −𝐵2 − 𝑖𝐵0 𝐸0 − 𝑖𝐸1
]. 
In the above representation we added two components 𝐸0 and 𝐵0. 
 
5. Conclusion. We consider an outer product on a six dimensional real vector 
space, and we deduce  Lie brackets on it to take the structures of so(4), so(2,2) 
and so(3,1). We also find  an almost complex structure on a submanifold of it. 
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